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Dynamic Response of a Cylinder to a Side Pressure Pulse
JOHN S. HUMPHREYS* AND ROBERT WINTER!

Avco Corporation, Wilmington, Mass.

An analysis of the elastic vibration of an isotropic, infinitely long cylindrical shell under a
transverse pressure pulse using a linearized, small deformation theory is presented. Two
cases of a pressure pulse decreasing linearly with time, distributed as a cosine over half the
circumference and constant along the length of the cylinder, are considered, one with a posi-
tive phase only and one with an equal negative phase (zero total impulse). The analysis
neglects transverse stresses and makes use of the thin-shell assumption of a linear stress dis-
tribution across the thickness to determine the maximum in-plane stresses. The solutions for
displacements are in the form of infinite series, and computer calculations of the associated
maximum stress levels have been performed for some representative cases of interest, truncat-
ing the series at 200 terms. Among the general conclusions that can be drawn from the results
is that, for pressure pulses of relatively short duration times (less than 0.1 radius/sound
speed), the response essentially depends only on the total impulse and is independent of the
pulse shape. It is also seen that bending effects play a rather small role in terms of affecting the
maximum stresses reached, particularly for early times, where a pure membrane solution
gives a very close approximation (even for a thickness-to-radius ratio as high as 0,05),

Nomenclature

u — radius to midsurface of undef ormed cylinder
an = coefficient of Fourier series
c = [E/(\ — j>2)p]1 /2 speed of sound in material
E = elastic modulus of material
h — thickness of cylinder wall
7 = peak impulse per unit area
I = [c(l — v2)I]/Eh, dimensionless impulse per unit area
M = circumferential bending moment resultant
N = circumferential force resultant
p_ = applied pressure
P = [a(l — v*)p] /Eh, dimensionless pressure
t = time
t\ = time duration of pulse
v = circumferential deformation of midsurface
w = inward radial deformation of midsurface
z = radial distance from midsurface
a2 = /z,2/12a2, geometric parameter
Pn> Jn = dimensionless frequencies
f = w/a, dimensionless inward radial deformation of middle

surface
9 = angular coordinate of undef ormed cylinder
v = Poisson's ratio of material
p — mass density of material
o- = circumferential stress
a = arh/Ic, dimensionless circumferential stress
T — ct/a, dimensionless time
n = dimensionless time duration of pulse
^ = angular displacement of middle surface

I. Introduction and Problem Formulation

AN analysis is presented of the elastic vibration of an iso-
tropic, infinitely long cylindrical shell under a transverse

pressure pulse using a linearized, small deformation theory.
This pressure pulse is assumed to be distributed as a cosine
over half the circumference and to be constant along the
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length of the cylinder, independent of its distribution in time.
The analysis neglects transverse stresses and makes use of the
thin-shell assumption of a linear stress distribution across the
thickness to determine the maximum in-plane stresses.

Using plane-strain Hookes law relations and neglecting the
radial stress, there remains only one independent normal
stress component in the circumferential direction (the axial
normal stress can be obtained by multiplying this stress by
Poisson's ratio). The circumferential force and moment re-
sultants N and M are defined in terms of the circumferential
normal stress a by

AT . - rJ -h, adz (la)
h/2

/

h/2
zadz

-h/2

If all displacements, derivatives and motion in the axial
direction are neglected, and terms in h2/a2 are dropped com-
pared to 1, the complete linear shell theory equations of
motion in terms of displacements u, v, w are (from Flugge,1
adding inertia terms and changing to present notation)

pha paz

~ \ (2)

pha2

~W

where

D = Eh
I - v

with associated force-displacement relations

Eh* (M =

N =

12(1 - v2)a \ d02

Eh ( h2 d

+

_
(3)

Over-all geometry,and definitions of positive v, w, M, and Ar
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are given in Fig. 1. Nondimensional variables are now intro-
duced as follows;

(4)

(5)

f =
if/ = v/a

7 = ~a = |_(T
a2 = A2/12a2

E "I'/2 t_
- ")2pJ ^ (6)

(7)

If these are used in (2), the basic differential equations
become

_ _
50

where P is a nondimensional pressure, defined as

(8b)

T—- p(0,r) (9)

The initial (rest) conditions are

f (0,0) = ^(0,0) = -£ (0,0) = -|̂  (0,0) = 0 (10)

and the elastic law relations (3) become
\

(lla)Eha

(1 -v\
= a 2 + f - (lib)

These basic linear equations, (8) and (11), are also derived in
the course of a more extensive nonlinear analysis by Goodier
and Mclvor.2

II. General Problem Solution

If only those loadings that are symmetric about 6 = 0 and
that can be represented in a separated variable form (with a
Fourier cosine series in space) are considered, then

(12)P(0,r) = P(r)

where P(r) is an arbitrary time function.

p(0, t )

The general Fourier series expansions for f and \f/ reduce,
in this symmetric case, to

f = fo(r) + 5

00

so that Eqs. (8) become

fo + fo + Z) {[<*2(n2 - I)2 -

(13a)

(13b)

do cosn(9 J
/

(14a)

= 0 (14b)

using the dot notation for d/dr.
The coefficients of cosnO and sinn^ must vanish inde-

pendently for every n. Thus, when n = 0

To + fo = aoP(r) . (15)
When n > I

[a2(n2 - I)2 + l]fn - n^n + fn = o^Pfr) (16a)

n^ - nf» + $n = 0 (16b)
Eliminating fn in Eqs. (16), and rearranging terms,

£ + [«2(n2 ~ I)2 + n2 + 1]& +

Using a standard single-sided Laplace transform approach,
the transforms of the \f/n and f n can be written as products of
known functions and the arbitrary P(r). Inverse trans-
forms of these known functions are then found from Erdelyi,3
and use of the convolution theorem gives

f r fsinTn(r - a;) sm/3n(r - x)~]
+n(T} = nan Jo L O.T. " QA J

- - fr sin/55n(r - ai) J

where

7n2 =

(18a)

(18b)

(19a)

(n2 + I)2]112 (19b)

- 2aV + (ii2 + I)2]1/2 (19c)

and ce2 has been neglected compared with unity.
From Eq. (15), using the same transform approach, the

initial term is directly

= flo I
Jo

sin(r — x)P(x)dx (20)

If a linear stress distribution is assumed, then the extreme
values at z= d= A/2 are

Solutions for M and N are given by substituting Eqs. (13) into
(11):

,, Ehaa*
Fig. 1 Cross-section geometry.

V
~

fn(l - ?i2 (22a)
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Eh P(t)
1\ — —————— > IS wV1 U. 11 ) i^Yn\ UUO/M7

1 ——— i;2 ^—— rf1 ^ n = 0

Thus (21) becomes

V*D)

P°\

\^ er±V3" t(

™ = o I L « J J p(^t)

All that remains is to choose a pressure function P(0, r) and,
using it in Eq. (18), find \f/n and fn and solve for 0-^/2 from X^ ^^PWcosfl
(23). / \

III. Results for Specific Loading Puls<
A. Positive Impulse Loading

Any arbitrary pressure time function can be chosei
first specific pressure pulse being considered is assumec
crease linearly with time from a peak value PQ to zero
time duration h (see Fig. 2) :

p(t) = po[i - (t/h)] Q<t<ti

= 0 t>ti

Defining a nondimensional impulse per unit area

- 7c(l - v2) 1
* ~ rn ~ riPoTlEh 2

where
(*h

I — 1 p(t)dt — ^p$t\
Jo

then

i (T) — 11 1 " _i T 5i T]

= 0 T > Ti

The pulse is assumed to be distributed, in space, over
circumference in a cosine form (see Fig. 2) :

P(0?r) = p(r) cos0 -Or/2) < 0 < Or/2

= 0 |0| > Or/2)

Coefficients for the Fourier series expansion for P(0,
(12) ] are given by

OQ = 1/7T

01 = i

/ T — — tJ ° 4 fittn , 2 ..v 7i- — ̂ , 1, O, . . .

= 0 n = 3, 5, 7, . . .

Expressions for ^nO"), J"»(T), and foOO are found usi
and (27) in (18) and (20), separate solutions for T <
T > T] being necessary due to the convolution i
involved.

For T < TI

, , N 2Inan f 1 / T , sin7nT\
T/n\i ) /~\ \ 9 V ^vjo j n ' 1 1

T]Cj7» |_ 7n \ Ti Tl 'V /

. 2/a0 /., T . sinT\r n f r ) = —— 1 1 — msT — — 4- —— I

-T _JL JL ir e
2 2

3S
Fig, 2 Pressure loading as a function of time and space.

i Thp 5- / \ 2/anr/n2 ^ \ / - T . sin7nT\
i\ i fnW ~~ n I 2 1 )l X COS7nT + 11 to de- TiQn[_\yn

2 / \ TI Ti7n /
with a / n2 \ / T sin/3nT\ "1

For T > T!

• / N ^il.TlCin 1 / 1 — ' COS7nTi \ Sin7«T

/ . SU17nTi\ COS7«T /I — COSjftnTi\ Sm/3nT .

I 1 ) 2 1 0 } f t 2 +
(24) \ TnT, / 7n2 \ PnTl / /3n*

( sinfcrA COS^T!
V 5 / 8 2 lzyaJ

. . . 2/a0 rVl — COSTA . / sinTA "1
fo(r) - 1 ————— ) smT - ( 1 - ) COST

TI LA n / \ n / J
(29b)

n\TJ D \ / \ 2 / 'n

(25) Tl /, sin^TA/^2 A
\ TnTi / \Tn2 / C°°7nr

half the ( fl )( fi 2 1 ) sm^nT +

/ R \ / 2 \ "1
x ( 1 - 0 }( 3-; - 1 ) cos^nT (29c)
/ \ o Ti / \ D / 1(26) X P"Tl / V P n 7 J

When these quantities are substituted into (23) using (27), the
r\ rgee impulse 7 is transferred to the left-hand side, and terms are

rearranged ; the final expression for the maximum dimension-
less stress is obtained. For T > TI, after the pulse has vanished
(which is the region of interest for short pulses),

— h 2 $(± h l\> (27) *=»=- 7c ^/a w\\ 2a )
r/1 — cosTi\ . 1 /„ sinTjX "I( I smT ( 1 ) COST
L\ Tl2 / Ti \ T] / J

ng(25) 4 [A 21/V,2 J "̂  F T^1 2 i / 2 T 1 J > <

TI and ~| " (-l)n/2

ntegrals cos2i/«r cos0 2 ^ [<?n± (^2n sm7nT -
& J n = 2,4,6... ^ i;Vn

A in cos7nT) — rn± (B2» sin/3nT — Bin cos/3nT) ] > (30)

where

(28a) -4 In g ^.2n 2

^•NM R... a^l - Sfrft.'-' n. 1-COS^rx
/SnTi2
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COMPUTED POINTS H
OF EQUATION (38)
(h/a =0.05)

——— MEMBRANE THEORY
OF REF 4

"°-8 ^COMPRESSION
7T/4 7T/2 37T/4 IT 37T/2

Fig. 3 Results compared to membrane theory of Pay ton4

for pure impulse (TI = 0).

= 1 + ——, -

= 1 + (-7T-* ~

12a2

12a2

I <• - »•>]
A a-.,]

<yn, /3n, and Qre are defined in Eqs. (19) and (1 - v*)/(IE) =
h/Ic.

Considering the limiting condition in which the impulse re-
mains constant while its time of action approaches zero, Eq.
(30) becomes

= — ( ± A - 1 J sinr - ̂  si
TT \ 2a / 4

sin21/V cosfl -

2 " (-I)"/2 .— y . ————— w«±l
W 71 = 2 ,4 . . . V1 ~ l'^n

rn±Pn sin/3nr) cosntf (31)

This "impulsive loading" case has been calculated for com-
parison to a paper by Pay ton,4 as shown in Fig. 3. It is of
interest that Pay ton's membrane solution agrees almost ex-
actly at very early times with the present solution including
bending terms. Bending effects become noticeable only after
the first cycle of stress.

The terms of the full equation (30) have been calculated
and summed to n = 400 (200 terms in the series) on a digital
computer for time r < 4?r, position 6 = 0, Tr/2, and TT, and
for the parameter values h/a = 0.01, 0.02, 0.05, 0.10, and
n - 0,0.0001,0.001,0.01, 1.0, 2, 4, and 10 (not in all possible
combinations). For metal cylinders with a radius of about

Fig. 5 Computed cylinder response, impulsive loading,
(0 = 7T/2, 37T/2).

1 ft, a TI of 0.01 corresponds very roughly to 1 jusec. It was
found that numerical difficulties were encountered with terms
such as sin7nTi/7nT] because of the small argument values
being considered, and so it was necessary to expand such terms
in a Taylor's series approximation for these small values of
the argument. In this way, it was also possible to compute a
value for the limiting case of TI = 0, corresponding to Eq.
(31), from the same program. With this modification in the
calculation, it was found by looking closely at a few specific
cases that convergence to three-figure accuracy is generally
obtained by taking between 10 and 30 terms in the series; the
higher the value of TI, the more terms are required. The
inner and outer fiber stresses, (o-_ and 0+) of Eq. (30), are
shown plotted in Figs. 4-7 as a function of time and position
for n and 1.0 and h/a = 0.01 and 0.05.

TENSION

-0.8

Fig. 6 Computed cylinder response, finite pulse time*
(0 = 0, TT).

0.8 -TENSION

Fig. 4 Computed cvlinder response, impulsive loading,
(0 = 0, vr).

Fig. 7 Computed cylinder response, finite pulse time,
(0 = 7T/2, 37T/2).
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Table 1 Response at small pulse times

e r Stress

0 37T <f+

8 *-

STT a+

T" *-
15?r <f+
~4T v-

ir IT <r+
'• '• •'-•'• • cf_

13 TT a+
IT *-

57T a+
2 ^-

n = 0

-0.70089
-0.70698

0.38408
0.41969

0.28390
0.54863

-0.42257
-0.37982

-0.61484
0.73473

-0.54045
-0.59312

TI= 0.0001

-0.70090
-0.70699

0.38411
0.41969

a
a

-0.42257
-0.37981

0.61483
0.73473

a
a

n = 0.001

-0.70097
-0.70701

0.38432
0.41971

0.28391
0.54843

-0.42259
- 0 . 37975

0.61465
0.73470

-0.54049
-0.59317

n = 0.01

-0.70146
-0.70742

0.38581
0.42053

a
a

-0.42287
-0.37905

0.61295
0.73435

a
a

n = 0.1

-0.70513
-0.70980

0.40036
0.42854

a
a

-0.41949
-0.37619

0.60130
0 . 72372

a

a Not computed.

Variation of the stress across the thickness due to bending
response is evident in Figs. 4-7 and is seen to represent a rela-
tively small effect, superimposed on a fundamentally exten-
sional oscillation of stress. This variation is most pronounced
at 6 = (7T/2) (see Fig. 5 and 7), where there is a discontinuity
in the load distribution, and bending can be expected to play
a significant role. At 6 = 0 or TT, even for relatively thick
shells, the inside and outside stress curves remain quite close
to the pure membrane case.

The present elastic model contains no dissipation, and some
question can legitimately be raised whether the maximum
stresses in the time are indeed experienced during the first few
cycles shown. As a check on this, one case was run for a much

Fig. 8 Comparison of response for different pulse times,
(e = 0).

later time 20-Tr ^ r ^ 22?r, with results indicating that even
over a long period of time, the size of the stress peaks remains
about the same and the vibrations remain basically ex-
tensional.

Part of the purpose of this investigation was to study the in-
fluence of finite pulse time on linear response compared with
impulsive (zero time) loading. For this reason, the form of
the solution was set up so that the pulse time could be varied,
keeping the total impulse per unit area constant. It was
found that the differences in the maximum stress calculations
from the case TI = 0 were so small for T] = 0.0001, 0.001, and
0.01 that they could not be seen on an ordinary plot. Even
TI = 0.1 is extremely close. Some representative a values for
these short-time pulses, evaluated at or near the curve peaks,
are shown in Table 1. The comparison for longer pulse
times is shown in Figs. 8-10, where only the inner surface
stress <T_ for h/a = 0.05 is plotted. In general, it is seen that
lengthening the pulse lowers and delays the peak stresses,
which is to be expected since the applied peak pressure is be-
coming lower and the energy input is taking place over a
longer time. Only the calculation valid for r > TI was
actually carried out here, so the curve for TI = 10, where dif-
ference in response becomes really appreciable, is very cur-
tailed on Figs. 8-10. For long pulses, the alternate calcula-
tion for T < T] based on Eqs. (28) can be set up.

B. Zero-Impulse Loading

To back up the apparent conclusions from the preceding-
results for short pulse times, the response to a second type of
pulse with equal positive and negative phases (having no net
impulse) was considered. The pressure space function is the

Fig. 9 Comparison of response for different pulse times,
(6 = 7T/2, 37T/2),

O.SpTENSION

0.6-

-0.8 "-COMPRESSION-1———L——
0 2 4 6 8 10 12 14

Fig. 10 Comparison of response for different pulse times,
(e = TT).
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where

-08 "-COMPRESSION
0 1 2 3 4 5 6 7 8

TIME,r=4

Fig. 11 Comparison of response for different pulse times
with zero net impulse.

same as in Fig. 2 and (27), whereas the pressure time function,
shown in Fig. 11, is now such that the impulse per unit area
(or/) vanishes.

In nondimensional terms, using (6) and (9),

P(r) = P0(l - 2r/n) 0 < r <

= 0 r >
(32)

Performing the same operations as in the previous case, but
replacing (25) by (32) and using (27) and (32) in (18) and
(20), the expressions for ^n(r), foM and fn(r), are, for
r > TI,

o[ /2 - 2

/ _ 28
\

2 — 2

\ cos^r _
/ T»2

sin/3nT~

fn(r)

/ 2 sin
I 1 - — ~
\ Pn

2 - 2 cosn

cos/3nr— — - (33a)]
— sinri J sinr —

/ 2sinn , \ 1i i _ ——— _j_ COSTl j COST

= ^Pof-/2-2cos^1_ ^W,^
Qn [_\ 7nT! /\7n2 /

/ . 2 sin7nr , \ / n2 \
tr - I 1 — ————— + cos7nn )( —- - 1 I cos7nr -

\ 7nTi /\7n2 /

r^ _ \
3 ^ /

X

2 - 2
ft.r.

Substituting these into (23) with (27)

= A = J
Pod 7

P/2-2COST! . \ . / 2sinri \ "I
( —————— — sinri J sinr — ( 1 — ——— + cosn Jcosr —

T ( ~ oî ——T~ ~~ sin21/2n) sin21/2r -

( 2 sin2r1/2ri \
^ ~~ —9172—— ~^~ Cos21/27"i 1 cos21/2r

2 sin0nn
gln = 1 — —— - ————

2 — 2

2 - 2 cos/3»ri
————— ———————

sin/3nr — Bm cos/3nr)] cosn^ (34)

and g«±, ^±, 7n, j8n, and Qn are as used in Eqs. (30) and (19).
These surface stresses have been computed to n = 400 as

before, for thickness ratios h/a = 0.01, 0.05, positions 6 = 0,
7T/2, TT, pulse durations n = 0.01, 0.2, 1, 2, 4, and times 0 <
r < 2?r. The results for ̂  = 0, h/a = 0.01 and several values
of pulse duration time are plotted in Fig. 11. There is no
significant bending for these values of h/a and 0, and there-
fore only one curve for each n is shown (5-+ = 5-_). It is
seen that there is no significant response for n less than 0.2
for this zero impulse loading. For greater values of n, the re-
sponse grows rapidly. It is interesting that the curve for n =
4 shows a larger response than the corresponding case for the
single phase pulse. This can be explained as a type of reso-
nance effect, in which the period and mode of oscillation of the
load are close to a period and mode of free vibration of the
shell. The cylinder of Fig. 11 behaves virtually as a mem-
brane, and examination of the frequency yn for a membrane
(h/a = 0, f$n = 0) shows that the first few periods of free
vibration are r = 6.28, 4.45, and 2.71. These values corre-
spond to n = 0, 1, and 2, respectively, where n is the number
of whole waves around the circumference, and check with
those obtained by Love5 for a ring. The higher mode shapes
are very different from the applied pulse and are less likely to
be excited. Figure 11 indicates that the case TI = 4 is close
enough to the resonance condition to cause the peak stress to
be twice that of the free vibration case of Fig. 6 at comparable
times.

IV. Conclusions

A general conclusion that can be drawn from these results
is that, for pressure pulses of length n less than 0.1, the re-
sponse depends only on the total impulse and is essentially
independent of the pulse shape. Another conclusion is that,
away from load discontinuities, bending effects enter only as
a small perturbation of a basically extensional vibration, and
only for relatively thick shells. Thus, for h/a less than 0.01,
a pure membrane solution gives very close results for early
time stresses. The particular type of pressure distribution
used here is, of course, a relatively smooth one, without any
jumps, and it is quite possible that a more localized type of
loading will show more pronounced effects of bending and
finite pulse time.

Results are presented here only for stresses, but displace-
ments can be readily found by inserting the appropriate terms
in Eqs. (28) or (29) into the series expressions (13). With
somewhat greater effort, local strain and curvature change
could then be found from basic strain-displacement relations.
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